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INTERNATIONAL ECONOMIC REVIEW 
Vol. 28, No. 2, June, 1987 

DISCRIMINATING MONOPOLY, FORWARD MARKETS 
AND INTERNATIONAL TRADE* 

BY RAFAEL ELDOR AND ITZHAK ZILCHA' 

1. INTRODUCTION 

Recent empirical studies (see e.g. Kravis and Lipsev [1977, 1978], Isard [1977], 
Aspe and Giavazi [1982]) demonstrate that there are notable divergencies between 
domestic and export prices. This empirical evidence suggests that the law of one 
price is systematically violated. Kravis and Lipsey [1977, p. 155] argue that 
"many firms involved in international trade, particularly manufacturers, are in 
the position of a discriminating monopolist faced with separate markets, each 
characterized by a different demand elasticity". A model which explicitly allows 
for price discrimination has been used by several authors (see for example Aspe 
and Giavazi [1982], Ethier [1982], Katz, Paroush and Kahana [1982] and Tarr 
[1979]). Katz, Paroush and Kahana [1982] (hereafter KPK), used a model of a 
price discriminating firm which operates under price uncertainty, to investigate 
its optimal level of output and sales in the two markets. The main assumption 
made in KPK [1982] is that the firm determines its level of output and the allo- 
cation of sales between the two markets before the resolution of uncertainty. 
Furthermore, no forward markets were available to this firm. 

In this paper, we analyze a price discriminating firm which sells its produce 
both in the domestic and on world markets under either exchange rate uncertainty 
or foreign price uncertainty. This firm is a monopoly in the domestic market 
but a price-taker on the world market. Our model differs substantially from the 
KPK model and in some cases conforms better with reality due to the following 
two assumptions. First, the firm determines its level of output before the 
resolution of uncertainty but decides about the optimal allocation of sales only 
after it observes the foreign price denominated in domestic currency. Secondly, 
forward markets to share the exchange-rate risk or the uncertain foreign 
commodity price are available and their impact on the firm's policy is analyzed. 
Hence, this work integrates two strands of literature. It combines studies on 
price discriminating firms (some were mentioned above) and studies on firm 
behavior when forward markets are available (Danthine [1978], Holthausen 
[1979], Katz and Paroush [1979], Feder, Just and Schmitz [1980]). In this paper, 
we are mainly concerned with a firm which always exports. This includes large 
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manufacturing firms such as Japanese electronics and car industries or other 
large firms where the local market is "small". 

The paper is organized as follows. In Section 2 the model is presented. The 
effect of uncertainty on production and export when no forward markets exist is 
investigated in Section 3. It is shown that, under some conditions, exports 
increase when uncertainty is introduced. This result seems to contradict the 
prevalent view that in the firm's microeconomic level, export should decline as 
a result of introducing uncertain exchange rate (see e.g., Clark [1973] Baron 
[1976] and Yeager [1976, Ch. 13]). In Section 4, we analyze the impact of 
introducing forward markets on the firm's output and export. We show that a 
"separation theorem" holds in this model, i.e., the optimal production level does 
not depend on the utility function and the probability assessments of the random 
exchange rate. Moreover, in the presence of forward markets, the total output 
of the discriminating monopoly increases to that level of the perfectly competitive 
firm (in both markets) while its export is larger than that of the competitive 
firm. In Section 5, we discuss the optimal hedging policy of this firm. In 
Section 6, it is shown that as a result of price discrimination, the domestic price 
variability is magnified relative to the foreign price variability (denominated in 
domestic currency), and that this model also gives rise to cyclical dumping (see 
Tarr [1979]). 

2. THE MODEL 

Consider a firm which produces a homogeneous commodity both for a domestic 
market where the firm has a monopolistic power and for foreign markets where it 
faces perfect competition. The assumed separation between domestic and foreign 
markets which enables this firm to apply price discrimination is due to the existence 
of artificial and/or natural barriers to trade. The firm faces random exchange 
rate e. Assume that e has a given distribution function on [e,, e2], 0<e, <e2 < 00, 

and that this distribution of e is known to the firm. Denote by Qd the sales in 
the domestic market and by QF the total sales abroad where the firm is a perfect 
competitor. Let pd(Qd) be the domestic inverse demand function for this 
commodity, i the price elasticity of demand and P* the foreign price of the 
commodity. 

We assume that the firm is risk-averse with a von Neumann-Morgenstern utility 
function U; U is differentiable, U'>O and U"<0. The firm maximizes the 
expected utility of profits denominated in local currency. The firm's production 
technology gives rise to a cost function C(Q), where Q is the total output of this 
commodity (to be allocated for both markets). We assume that C' > 0 and C" > 0. 

Production usually takes time, hence we assume that the firm chooses its 
optimal level of output before e is known. Since we are interested in the case 
where the firm exports, we shall assume that the optimal output of the firm is 
greater or equal to Qd(e,). The timing of output allocation between domestic 
and foreign markets is a crucial assumption in this model. We believe that the 
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assumption made in Katz-Paroush-Kahana [1982], that the firm allocates its 
output between the domestic and export before the resolution of uncertainty 
does not characterize many cases. Shifts of produce from one market to another 
within a short period of time are usually possible. Therefore, we assume that 
the allocation of output between the two markets is done after the observation of e. 

We shall first consider only the cases where the firm exports in all states of 
the world. This includes large manufacturing firms such as Japanese electronics 
and car industries or other large firms where the local market is "too small". 
We frequently witness government intervention to prevent wild fluctuations in 
the exchange rate which may reduce exports dramatically. Therefore, our 
assumption that e1 cannot be too small, i.e. a level which eliminates export 
altogether, seems reasonable. In the last section we shall consider the case where 
there is no export in some states of the world. 

Let us define B as the set of all states of the world where the firm sells in both 
markets, i.e. 

B = {e I e E [e,, e2] and Pd(O)>eP*}. 

The case where the firm exports all its output in some states ot the world is 
included in our model: thus B=A[el, e2] is possible. We allow - B to be the 
empty set. Since the exchange rate e is exogenous to the firm there exists some 
e in [el, e2] such that: B=[el, e]. Moreover, e does not depend upon the 
production level of this firm. When e=e2, the firm sells in both markets in all 
states of the world. 

In these states of e where the firm sells in the domestic and foreign markets, it 
equates the marginal revenues, i.e. 

(la) Pd(Qd)(1--[4) eP* for e1 ? e ? e 

(Ib) pd(O) < eP* for e > e. 

Equations (la) and (lb) define, implicitly, the amount of commodity Qd sold 
domestically as a function of the random variable e. For e> e Qd(e) = 0. 
Assuming that the marginal revenue is decreasing it is clear from (1a) that Qd(e) 

increases as e declines on [e1, e]. Define f(j) by 

(2) Qd(j) = f(e) where Qd(j) satisfies (la) for e1 < e ? e. 

f(e)=0 for e>e. 

The level of output, which is to be determined before the realization of e, is 
attained by maximizing EU(JI7) where n4 are the (random) profits denominated in 
domestic currency. In the presence of currency forward market with a forward 
exchange rate ef, we denote by X the amount of foreign currency that the firm 
sells forward. H is given by 

(3) i = jP*(Q -f(j)) + Pd(f(j))f(e) + X(ef - ) - C(Q). 
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When no forward transaction of foreign exchange is available we take X_ 0. 
The firm chooses Q and X (taking into account (la) and (lb) and the fact that 
e does not depend upon Q) to maximize 

(4) max EU(n(e)) = U[eP*(Q -f(e)) + Pd(f(e))f(e) + (ef - e)X - C(Q)] 
Q.X B 

+ f U[eP*Q+ (ef-e)X-QC(Q)]. 
B 

The first-order conditions are: 

(5) E[P*- C'(Q)] U'(I7) = ? 

(6) E(ef-e)U'(I7) = 0. 

By our assumptions about U( ) and C(Q), (5) and (6) are necessary and sufficient 
conditions for optimality. We denote by Q the optimal output when X-O (i.e., 
the solution to (5) for this case) and by Q* and X* the optimal solution when 
forward market exists. In the next section, we analyze the price discriminating 
firm's output and sales when X_O. 

3. THE EFFECT OF UNCERTAINTY ON OUTPUT AND EXPORT 

Consider the case where no forward market for foreign exchange is available. 
It is traditional to compare the firm's optimal output under uncertainty with the 
certainty equivalent Qc i.e., with the case where e is replaced by Ee= (see for 
example Sandmo [1971] and Leland [1972]). 

PROPOSITION 1. The optimal output of the price discriminating monopoly 
under the certain exchange rate e=Ee is greater than its optimal output under 
the random exchange rate e. 

PROOF. Let us first show that when X-0 the profit H(e) is an increasing 
function in e. Let 0, 0 E [e1, e2] and 0< 0. Even if the firm does not reallocate 
its output when e=0 between the two markets, in the case where e= , its profits 
satisfy: 

H(0) ? OP*(Q -f(0)) + P(f(0))f (0) - C(Q) > OP*(Q -f(0)) 

+ P(f(0))f (0) - C(Q) = I(0). 

Since a shift in the domestic sale from f(0) to f(0) may only increase its profits, 
then profits are increasing with the exchange rate. Denote by Qc the output 
when e = Ee prevails. Let A be the set of all states of the world where e > (C'(Q)/ 
P*) then (5) can be rewritten as 

(7) T'A( C( ) u'(f) = PA (Q) -e)U'(T. 
Since U' is monotone decreasing and 1H(e) increases in e, 
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(8) Sup U'/((e)) < inf U'(1n(e)) 
A -A 

Combining (7) and (8) yields 

c / (Q) C' (Q) \ 
(e -C ( > -e) or 

(9) E(e-C'(Q)/P*) > 0 or P*Ee > C'(Q). 

But under certainty the firm equates the price and the marginal cost, i.e., C'(QC) 
=eP*. Since C">O we proved from (9) that Q < Qc. Q. E. D. 

Now let us show that under certain assumptions about the demand curve, 
the impact of uncertainty in e about domestic sales and the exported quantity, 
in some cases, can be determined. 

PROPOSITION 2. Let the exchange rate be fixed at e initially. The effect of 
a mean-preserving spread in the exchange rate upon the expected domestic and 
foreign sales will depend upon the shape of the marginal revenue function. 
Let us introduce a mean preserving spread at e, then 

(a) If MRd is strictly concave 
(i) Expected domestic sales decline 
(ii) For some risk-averse firms the expected export under the uncertain 

e is larger than the export under the fixed exchange rate e =Ee. 
(b) lf MRd is linear the expected domestic sales remain unchanged but 

export declines. 
(c) If MRd is strictly convex expected domestic sales increase while the 

expected export declines. 

Let us first explain the proposition and its implications. Since the firm is 
risk averse, making e variable results in lower total production (Proposition 1). 
However, the impact of introducing uncertain exchange rate on the expected 
domestic sales depends upon the convexity properties of the marginal revenue 
function. In the case when MRd is concave, the expected domestic sales decline. 
In some cases, these sales may decline more than the reduction in total output, 
and as a result the expected export may increase. This result seems to contradict 
the prevalent view that in the firm's microeconomic level export should decline 
when the exchange rate becomes stochastic (see, for example Clark [1973], Baron 
[1976] and Yeager [1976]). In practice, many countries have established 
exchange rate guarantee programs which reduce the variability of the exchange 
rate (see for example Eldor [1984]) in order to encourage export. Reinterpreting 
Proposition (2a) implies that in some cases export may decline when the exchange 
rate is fixed at its expected value e(even though the exporting firm is risk averse). 

PROOF. (a) By definition off(e) we have MRd(f(e)) = p* for all states in B. 
This implies that when MRd( * ) is strictly concave then f(e) is strictly concave on B. 
(Since MRd is a monotone decreasing function it can be verified that sign MRd" - 
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signj'" on B). Therefore Ef(e)<f(e) which proves (i). To establish (ii) it is 
enough to show that for a firm with a low degree of risk aversion we have Qc_ 
Q <,f (e)-Ef(e). When U' varies moderately on [1I(e,), 17(e2)] we find from (5) 
that EeP* -C'(Q) is close to 0; therefore, since C'(Qc) =eP* we obtain that Q'-O 
is su-fficiently small (assuming that C" is bounded away from 0 on (QC/2, oo)). 
Since the choice of utility function and cost function has no effect upon the 
differencef(e)-Ef(e) our argument proves (ii). 

The proof of (b) follows from the linearity of f(e) (see equations (la)-(lb)) 
and Proposition 1. The proof of (c) follows again from the strict convexity of 
f(e) on B. Thus Ef(e)>f(e) and, by Proposition 1, Q<Qc hence Q-Ef(e)< 
QC -f(e). 

Now let us study the impact of increasing risk aversion upon the level of output 
and export. 

PROPOSITION 3. As thefirm's risk aversion increases its optimal output and 
export decreases. 

PROOF. Consider two risk averse firms with utility functions UA and UB. 

Assume that firm A is more risk averse than B, thus UA( )=F(UB( )), where 
F'>0 F"<0 (see Pratt [1964]). Denote by QA and QB the optimal production of 
these firms. The first order condition for A can be written as 

(10) E{F'[UB(hA)]U'B(iA)(- C'(QA)/P*)} = 0. 

Using the monotonicity of H'A and F', by a similar argument to the one brought 
in the proof of Proposition 1, we obtain from (10) that 

(11) EU B(HA)(R-C'(QA)/P*) > O. 

Since EUB(fI) is concave in Q and its derivative at Q=QB is 0 we obtained from 
(I1) that QA <QB. To establish that the export of firm A is smaller than that of 
firm B (the two firms face the same domestic demand curve), we note that their 
local sales are the same (f(e*)), and that QB-QA >0. Q. E. D. 

4. THE IMPACT OF FORWARD MARKETS ON THE FiRM'S OUTPUT AND EXPORT 

Now we assume that forwar-d mar-kets for foreign exchange are available. 
Even though our firm has monopolistic power in the domestic market the next 
proposition shows that a "separation theorem" holds; i.e., its optimal production 
level (and hence its exported quantities) does not depend on its utility function or 
on the particular distribution of e. Similar results for competitive firms were 
obtained by Ethier [1973], Baron [1976], Danthine [1978], Holthausen [1979], 
Katz and Paroush [1979], Feder Just and Schmitz [1980] and others. From 
(5) and (6) we can derive the following result: 

PROPOSITION 4 (Separation Theorem). When forward markets for foreign 
exchange are available, thefirm's optimal production is given by 
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(12) C'(Q*) = efP*. 

First note that the optimal output Q* does not depend upon the utility function 
or on the probability distribution of the random exchange rate. Moreover, the 
output of this discriminating monopoly is identical to that of a competitive firm (in 
the presence of forward markets). 

For a competitive firm the separation theorem holds, even when the forward 
market is biased. The reason why this result is valid is that although the firm 
may not find it optimal to perfectly hedge against total reveniue risk, it does find 
it optimal to perfectly hedge against marginal revenue risk. Since the cost of 
increasing total revenue risk is the marginal production cost and the cost of 
increasing the amount the firm hedges through the forward exchange market is 
given by the forward exchange rate, the firm finds it optimal to equate marginal 
cost to the forward exchange rate, regardless of risk preference or the distribution 
over exchange rates. This argument remains true in the price discriminating 
firm case since it always exports. The reason why one does not anticipate this 
result is that the firm profit is not linear in the exchange rate for price discriminating 
firms. 

REMARK2. This result may be even more robust than indicated by us. The 
assumption that the firm exports in all exchange rate regimes can be weakened by 
allowing, for example, the possibility of holding inventory when exchange rates 
are extremely low. The firm can then be thought of as "exporting into storage" 
for future disposal rather than necessarily disposing of the product on the domestic 
market in the current period. 

We also observe that since for each realization of e the discriminating 
monopolist's domestic sales are less than those of a price-taking firm (in the local 
market), the monopolist firm's export is larger than that of a competitive firm. 
Thus, abolishing the separation between domestic and foreign markets by reducing 
tariffs and/or transport costs may increase local sales and decrease firm's export. 

COROLLARY. If the forward price incorporates non positive risk premium, 
i.e. ef>Ee, then the firm's optimal output and expected export are larger in 
the presence of such forward market. 

The proof of the Corollary is straightforward from Proposition 1 and the 
equations C'(Q) < eP*, C'(Q*) = ef P*. 

5. OPTIMAL HEDGING POLICIES: COMPETITION VS. MONOPOLY 

The optimal hedge X* and the optimal production level Q* of the price discrimi- 
nating monopoly are determined by equations (5) and (12) and are known to the 
firm before the resolution of the uncertainty. It is usually difficult to solve 

2 We owe this observation to one of our referees. 
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explicitly for X*, since the levels of export depend upon the shape of the domestic 
demand curve. In the case where the currency forward market is unbiased and 
the firm is a price taker in the domestic market where pd = P*, the optimal hedge 
X* is equal to P*Q*, namely, when the forward market is unbiased, the competitive 
firm fully hedges its foreign currency proceeds and gets rid of uncertainty 
altogether. Now we show that in our model the optimal hedge of the firm is 
lower than that of a competitive firm. 

PROPOSITION 5. Assume that the currencyforward market is unbiased. The 
forward hedge of the price discriminating monopoly is lower than that of a 
competitive firm, iLe., X* < P*Q*. 

Note that even though in both cases the firm produces the same Q* the hedging 
policy differs. This occurs since in the "bad" states of nature the price discrimi- 
nating monopoly shifts produce from the foreign markets to the domestic market 
which provides the firm with partial natural hedge. 

PROOF. When ef = E= e we derive from the first-order conditions (5) and 
(6) that the firm chooses X* such that Cov (e, U'(fl))=O. If n(e) is monotone in 
e we must have that Cov (e, U'(H(P))=0. The proof of this fact is similar to that 
of Proposition I using the monotonicity of U'. Let P* = I then for some constant 
k, 

I7(e) = [Q* - X* -f(e)]e + Pd(f (e))f (e) + k, 
but 

a =p( ddPdd e [JJd(f(e))f(e)] = d2-d-_ f'(e)f(e) + Pd(Qd)f'(e) 

Jf'(e)Pd(Qd) [I - 1 /q] = f '(e)e. 
Thus 

Pi [H(P)] = Q*- X*-f()-f'(e)e +f'(e)e = Q*-X*-f(e) 

Since n(e) cannot be a monotone function of e this implies that X* <Q*. 
Q. E. D. 

6. PRICE DISCRIMINATING MONOPOLY, DOMESTIC 

PRICE VARIABILITY AND DUMPING 

In this section, we shall consider only cases where the firm sells in the domestic 
market always (i.e. e = e2). In the classic small country models with perfect 
competition, domestic price variability is precisely the same as the variability of 
the foreign price denominated in domestic currency. The reason is that in 
each state of nature pd =- p* (PPP holds). Thus, we have a perfect correlation. 
However, in our price discriminating monopoly case, we equate marginal revenues 
in each state of nature, thus 
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pd(QP) - 

Where the monopoly always sells in that portion of the domestic demand 
curve where the price elasticity of demand q > 1. Since in each state of nature 
(1- 1/q)< t, pd will be more variable than eP*, namely we observe here a magnifi- 
cation effect. This conclusion holds also in the case of an importing firm with 
a monopoly power in the domestic market (due to some licensing regulations for 
imporg for example). 

Let us define r(e) =p i.e. the relative price of export which is closely related 

to dumping (see Tarr [1979]). Rewriting the above equation we obtain, 

(13) r(e)= I 1 

It is reasonable to assume that the (local) price elasticity of demand is higher 
whenever pd is higher. In this case we obtain from (13) that when the exchange 
rate e is lower, r(e) is lower in accordance with the cyclical dumping hypothesis 
(see Tarr [1979, p. 59]). 

7. CONCLUSIONS 

In this model we considered a price discriminating firm that has a monopoly 
power in the domestic market and it is a perfect competitor in the foreign market. 
In our view, this model of price discrimination approximates reality in many cases 
and can be extended to the case where the firm obtains some monopolistic power in 
the foreign market as well. Clearly, in such a case, some of the results may fail 
to hold, for example, the separation theorem. 

Consider now the case where the firm does not export in all states of nature. 
One can easily see that equation (5) does not hold in this case. Therefore, 
Propositions 1 and 4 are not valid. 

To see why Proposition 1 may not hold, consider the case where e assumes only 
two values {el, e2} with equal probabilities where e1 <e2. The firm sells in both 
markets when e = e2 and it sells only in the domestic market when e= e1. Consider 
a case where MRd(Qd) decreases very slowly (as Qd increases), the marginal cost 
C'(Q) increases moderately and the export at fixed exchange rate e, Q e - 

is small. By increasing the variance of e, i.e. increasing e2-e1 while Ee= e, the 
firm may benefit (in the expected utility sense) by increasing its output beyond Qc 
(note that e-P*= C'(QC)). In the "bad" state, e1, its losses are moderate (it sells 
all the output in the domestic market, resulting in a moderate drop in the total 
revenues), while in the case e = e2 the firm enjoys big profits. For some fixed 
Q> Qc the firm bears no extra losses as we increase e2- e1 (where Ee = e) while it 
gains larger profits in the state e = e2- 

Although we have considered uncertain exchange rate, we could have considered, 
alternatively, uncertainty about the foreign price while the exchange rate is fixed, 



468 R. ELDOR AND I. ZILCHA 

without any significant differences in our results. Also, one can consider this 
model where the firm faces both foreign price and exchange rate uncertainty (see 
e.g. Benninga, Eldor and Zilcha [1985] in the perfect competition case). If 
forward markets for the exchange rate and the commodity are available, the 
separation theorem will still hold. However, this model is beyond the scope 
of this paper. 

Tel-Aviv University, Israel 
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